Abstract. We say a positive integer is a sum of three nonunit squares if it is a sum of three squares of integers other than one. In this article, we find all integers which are sums of three nonunit squares assuming that the Generalized Riemann Hypothesis(GRH) holds. As applications, we find all integers, under the GRH only when k " 3, which are sums of k nonzero triangular numbers, sums of k nonzero generalized pentagonal numbers, and sums of k nonzero generalized octagonal numbers, respectively for any integer k ě 3.
Introduction
The famous Legendre's three square theorem says that an integer n is a sum of three squares, that is, the diophantine equation
has an integer solution x, y, z P Z if and only if n is not of the form n " 4 a p8b`7q for nonnegative integers a and b. The set of all integers that are sums of three squares is denoted by S 3 .
As a natural modification of the above theorem, one may ask to find all integers n that are presented by a sum of three "nonzero" squares, that is, n " x 2`y2`z2 has an integer solution x, y, and z such that xyz ‰ 0. Hurwitz [7] proved that any squares of integers except 4 a and 25¨4 a for any nonnegative integer a are sums of three nonzero squares. Pall [20] proved that any integer n P S 3 that has an odd square factor greater than 1 is a sum of three nonzero squares unless n " 25¨4 a for some nonnegative integer a. Note that n is a sum of three nonzero squares if and only if 4n is a sum of three nonzero squares for any nonnegative integer n. Hence to find all integers that are sums of three nonzero squares, it suffices to determine the set S3 psfq of all square-free integers in S 3 which are not sums of three nonzero squares. In 1959, Grosswald, Calloway, and Calloway [5] proved that S3 psfq is a finite set. In fact, they conjectured that has a unique and specific integer solution. By combining Mordell's characterization of the integers in S3 psfq and Theorem 3.22 of [4] , we may conclude that any integer in S3 psfq is, in fact, an Euler's numeri idonei (see [8] ). Therefore, there is at most one more integer in S3 psfq other than the integers given above, and furthermore, Grosswald, Calloway, and Calloway's conjecture is true if the Generalized Riemann Hypothesis (GRH) is true (see [6] and [8] ). At present, it is not known whether or not Grosswald, Calloway, and Calloway's conjecture is true without any assumption. Now, we generalize the above results to find all integers which are sums of three nonzero generalized polygonal numbers. For an integer m ě 3, a (generalized) m-gonal number P m pxq is defined by P m pxq " pm´2qx 2´p m´4qx 2 for some integer x. The famous Gauss's Eureka Theorem says that any positive integer is a sum of three triangular numbers, that is, for any positive integer n, the diophantine equation (1.1) n " xpx`1q 2`y py`1q 2`z pz`1q 2 always has an integer solution x, y, and z. Note that (1.1) can be written as 8n`3 " p2x`1q 2`p 2y`1q
Hence n is a sum of three nonzero triangular numbers if and only if 8n`3 is a sum of three squares which are not equal to 1. Motivated by this, we say an integer n is a sum of three nonunit squares if the following diophantine equation
n " x 2`y2`z2 and px 2´1 qpy 2´1 qpz 2´1 q ‰ 0 has an integer solution px, y, zq P Z 3 . We define S 1 3 the set of all positive integers which are sums of three nonunit squares of integers.
In this article, we prove that S 3´S 1 3 is a finite set. Moreover, we prove that pS 3´S 1 3 q X tn : n " 0,˘1 pmod 5qu " t1, 5, 6, 10, 11, 14, 19, 21, 26, 30, 35, 46, 51, 91, 235u, and under the assumption that the GRH is true, we prove that pS 3´S 1 3 q X tn : n "˘2 pmod 5qu " t2, 3, 37, 42, 163u. From this, one may easily deduce that under the GRH, any integer n is a sum of three nonzero triangular numbers, except for n " 1, 2, 4, 6, 11, 20, and 29. We also prove that any positive integer n is a sum of k nonzero triangular numbers, except for n " 1, 2, . . . , k´1, k`1, and k`3 for any integer k ě 4 without any assumption.
For the pentagonal case, note that n is a sum of three nonzero generalized pentagonal numbers if and only if the diophantine equation 24n`3 " x 2`y2`z2 , xyz ı 0 pmod 3q, and px 2´1 qpy 2´1 qpz 2´1 q ‰ 0 has an integer solution px, y, zq P Z 3 . Hence if 24n`3 is not divisible by 9, then n is a sum of three nonzero generalized pentagonal numbers if and only if 24n`3 P S 1 3 . However, if 24n`3 is divisible by 9, we have to find an integer solution that is not divisible by 3. By resolving this extra condition, we prove that under the GRH, any positive integer n is a sum of three nonzero generalized pentagonal numbers, except for n " 1 and 2. Finally, for the octagonal case, note that n is a sum of three nonzero generalized octagonal numbers if and only if the diophantine equation 3n`3 " x 2`y2`z2 , xyz ı 0 pmod 3q, and px 2´1 qpy 2´1 qpz 2´1 q ‰ 0, has an integer solution px, y, zq P Z 3 . In this case, we prove that under the GRH, any positive integer n such that 3n`3 P S 3 is a sum of three nonzero generalized octagonal numbers, except for n " 1, 2, 5, 6, 8, 9, 13, 16, and 41. We also find all integers that are sums of k nonzero generalized pentagonal(or octagonal) numbers for any k ě 4 without any assumption.
The subsequent discussion will be conducted in the better adapted geometric language of quadratic spaces and lattices. A Z-lattice L " Zx 1`Z x 2`¨¨¨`Z x n of rank n is a free Z-module equipped with non-degenerate bilinear form B such that Bpx i , x j q P Z for any i, j with 1 ď i, j ď n. The corresponding quadratic map is defined by Qpxq " Bpx, xq for any x P L. If Bpx i , x j q " 0 for any i ‰ j, then we write L " xQpx 1 q, . . . , Qpx n qy.
For two Z-lattices ℓ and L, we say ℓ is represented by L if there is a linear map σ : ℓ Ñ L such that Bpσpxq, σpyqq " Bpx, yq, for any x, y P ℓ.
Such a linear map σ is called an isometry from ℓ to L. We also define Rpℓ, Lq the set of all isometries from ℓ to L, and rpℓ, Lq " |Rpℓ, Lq|.
For a quadratic form f px 1 , . . . , x n q " ř 1ďi,jďn a ij x i x j pa ij " a ji q of rank n, the corresponding Z-lattice is defined by L f " Zx 1`Z x 2`¨¨¨`Z x n with Bpx i , x j q " a ij for any i, j with 1 ď i, j ď n. Moreover, we define rpm, f q " rpxmy, L f q for any positive integer m.
Any unexplained notation and terminology can be found in [12] or [16] .
Representations of integers as a sum of three nonunit squares
In this section, we find all positive integers n which are sums of three nonunit squares of integers, where n " 0,˘1 pmod 5q. We do not assume that the GRH is true in this section.
First, we introduce some useful lemma on the computation of local densities. For the definition on local densities, see [12] . Lemma 2.1 (Corollary 5.6.1 of [12] ). Let p be a prime. Let M " M 1 K M 2 and N be regular quadratic lattices over Z p , and m i " rank M i ą 0. Assume that all submodules of N isometric to M 1 are transformed into each other by OpN q. Then we have
where K is a submodule of N isometric to M 1 . Proof. For simplicity of notation, let ℓ " ℓ a,b and let ε " ε a,b . Let δ " δpεq be the element in t´1,´∆ p , pu such that´δ p¯"´ε p¯. Here, we are assuming that δ " p if ε is divisible by p. Let M 1 and M 2 be Z p -lattices such that
Then one may easily check that 
where cpεq " 3, 1, or 2 if´´ε p¯" 1,´1, or 0, respectively. The proposition follows from this. Now, we explain how to apply Lemma 2.3 to find all integers that are sums of three nonunit squares for some special case. Let p be an odd prime. Assume that n P S 3 is an integer such that´´n p¯" 1. Suppose that n " 1`pa`kpq If ps i2 , s i3 q and pt j2 , t j3 q are linearly independent for any possible i, j " 1, 2, 3, then n is a sum of three nonunit squares except for 36 integers corresponding to k, s satisfying s i2 k`s i3 s "˘1´s i1 and t j2 k`t j3 s "˘1´t j1 .
As an application of this argument, we prove the following theorem.
Theorem 2.4. Any integer n P S 3 with n " 4 pmod 5q is a sum of three nonunit squares, except for n " 14 and 19.
Proof. Since we are assuming that n P S 3 , there are integers a, b, and c such that n " a 2`b2`c2 . If all of integers a 2 , b 2 , and c 2 are not 1, then we obtain the desired result. Thus, without loss of generality, we may assume that a 2 " 1. Then we have b 2 " c 2 " 4 pmod 5q and we may assume that there are integers k and s such that b " 2`5k and c " 2`5s, by changing signs, if necessary. Hence n is represented by ℓ 2,2 " Zpe 1`2 e 2`2 e 3 q`Zp5e 2 q`Zp5e 3 q. Now, by Proposition 2.3, we have rpℓ 2,2 , I 3 q rpI 3 , I 3 q " 3. Indeed, we may takë as representatives for the orbits of Rpℓ 2,2 , I 3 q under OpI 3 q-action. Therefore, we have
If pk, sq " p´1,´1q, then n " 14, and if pk, sq " p´1, 0q or p0,´1q, then n " 19. One may easily check that both 14 and 19 are not sums of three nonunit squares. can be written as a sum of two nonunit squares.
Proof. Since x "˘2 pmod 5q, x can be written as 5y˘2 for some integer y, and
Assume that 5y 2˘4 y`1 is not a power of 2. Since any odd prime factor of 1`x 2 is congruent to 1 modulo 4, we have rpx 2`1 , I 2 q ą 8, that is, x 2`1 can be written as a sum of two nonunit squares. Since 5y 2˘4 y`1 " 1, 2 pmod 4q, it is a power of 2 only when y " 0 or 1. Theorem 2.6. Any integer n P S 3 with n " 0 pmod 5q is a sum of three nonunit squares, except for n " 5, 10, 30, 35, and 235.
Proof. Suppose that n P S 3´S 1 3 . Then there are integers a and b such that n " 1`a 2`b2 . Since we are assuming that n is divisible by 5, we may also assume, without loss of generality, that a 2 " 0 pmod 5q, b 2 " 4 pmod 5q. Therefore, there are integers k and s such that n " 1`p5kq
2 . Note that 5k is not a unit. By Lemma 2.5, p2`5sq 2`1 can be written as a sum of two nonunit squares if s ‰´1, 0. Therefore, it is sufficient to consider the case when n is essentially uniquely written as a sum of three squares. From [1] , all such integers n are 5, 10, 30, 35, 70, 115, 190, and 235. Among these, note that 70 " 3 2`52`62 , 115 " 3 2`52`92 , and 190 " 3 2`92`1 0 2 .
In fact, all the other integers except these three are not sums of three nonunit squares.
Lemma 2.7. For i " 0 or 1 and a " 1, 4, or 9, all positive integer solutions of the equation
Proof. Since all the other cases can be treated in a similar manner, we only provide the proof of the case when i " 0 and a " 1.
Suppose that the equation 5 n " 1`y 2 has a positive integer solution pn, yq " pn 0 , y 0 q. If we take the integer α such that n 0 " α pmod 3q and 0 ď α ď 2, then px, yq " p5 n 0´α 3
, y 0 q is an integer solution of the elliptic curve y 2 " 5 α x 3´1 . Now, by using MAGMA, one may easily show that all integral points of y 2 " 5 α x
3´1
(0 ď α ď 2) are px, yq " p1, 0q when α " 0, and px, yq " p1,˘2q when α " 1. Therefore, pn, yq " p1, 2q is the only positive integer solution of the equation 5 n " 1`y 2 . This completes the proof.
For any positive integer k, we define
Lemma 2.8. For any integers a and b such that a 2`b2 R t1, 2, 5, 8, 18, 250u, there are integers x and y satisfying the following three properties:
2 ě 10 and y 2 ě 10; (iii) xy ı 0 pmod 5q.
Proof. Let t, u be integers such that a 2`b2 " 5 t u and pu, 5q " 1. For an integer n, we definer 2 pnq " #tpx, yq P Z 2 : x 2`y2 " n, xy ı 0 pmod 5qu.
Then we haver
Suppose that α 2`x2 " β 2`y2 for α, β P t1, 2, 3u with α ‰ β. Then one may easily show that x "˘β and y "˘α. Therefore, for any n ą 10, we have #tpx, yq P Z 2 : x 2`y2 " n, 0 ă x 2 ă 10, or 0 ă y 2 ă 10u ď 8.
Hence if ř d|u`´4 d˘ě 2, then there are integers x and y satisfying all properties given above. Now, assume that ř d|u`´4 d˘" 1. Then one may easily show that u is of the form u " 2 w q 2f1 1¨¨¨q 2fs s , where q i 's are primes congruent to 3 modulo 4, and w, f i 's are nonnegative integers. Note that u is of the form u " u 0 m 2 , where u 0 " 1 or 2, and m is a positive integer.
First, assume that m " 1, then by Lemma 2.7, any integer solution px, yq of
2 satisfies x 2 ě 10 and y 2 ě 10, except for the cases when (2.4) pt, u 0 q " p0, 1q, p0, 2q, p1, 1q, p3, 2q.
In the exceptional cases, one may easily show that there does not exist an integer solution satisfying all the three properties given above. Now, we consider the general case. If px, yq " pa, bq is an integer solution of x 2`y2 " 5 t`2 u 0 , then px, yq " pma, mbq is an integer solution of x 2`y2 " 5 t`2 u. Therefore, it suffices to consider the cases when pt, u 0 q satisfies (2.4) and 2 ď m ď 3. Note that
Hence if pt, u 0 q " p0, 1q, p1, 1q, or p3, 2q, and m " 2 or 3, then there is an integer solution satisfying all the properties given above. If pt, u 0 q " p0, 2q and m " 2 or 3, then one may easily check that there does not exist an integer solution satisfying those properties. This completes the proof.
Theorem 2.9. Any integer n P S 3 with n " 1 pmod 5q is a sum of three nonunit squares, except for n " 1, 6, 11, 21, 26, 46, 51, and 91.
Proof. Suppose that n P S 3´S 1 3 . Then there are integers a and b such that n " 1`a 2`b2 . Since we are assuming that n " 1 pmod 5q, we may further assume, without loss of generality, that
after changing signs of a and b, if necessary.
First, assume that a " b " 0 pmod 5q. Therefore, if n " 1`a 2`b2 with a " b " 0 pmod 5q, then we have n P S 1 3 , unless n " 1, 26, or 51. Now, assume that a " 1 pmod 5q, b " 2 pmod 5q. Then there are integers k and s such that a " 1`5k and b " 2`5s. Hence we have (2.5) n " 1`p1`5kq
From the expression in the right hand side of (2.5), we have n P S
Assume that s " 0. Note that
If k " 2 pmod 5q, then both p2`4kq and p1´3kq are divisible by 5, which was already considered. If k ı 2 pmod 5q, and k ‰´1, 0, 1, then by Lemma 2.5, either 1`p2`4kq 2 or 1`p1´3kq 2 is a sum of two nonunit squares, and therefore we have n P S 1 3 . Note that both pk, sq " p0, 0q and p´1, 0q are exceptional cases, and 1 2`22`62 " 0`5 2`42 P S 1 3 . Since the proof of the case when s "´1 is quite similar to the above, the proof is left to the reader. Proof. Suppose that n P S 3´S 1 3 is a positive integer. Then n is square-free. Define r
q ‰ 0u. One may easily check that r ‚ 3 pnq " r 3 pnq´6r 2 pn´1q`12r 1 pn´2q. It is well known that r 2 pn´1q P Opn ǫ q for any ǫ ą 0, and if n ı 7 pmod 8q, then
where χp¨q "`´4 n˘a nd Lp1, χq "
3. When n is congruent to 2 or 3 modulo 5 Let f be a quadratic form and let genpf q be the genus of f . The set of all integers that are represented by f or genpf q is denoted by Qpf q or Qpgenpf qq, respectively. For an integer n, we define wpf q " ÿ rgsPgenpf q{" 1 opgq and rpn, genpf" 1 wpf q ÿ rgsPgenpf q{" rpn, gq opgq , where genpf q{" is the set of isometry classes rgs Ă genpf q, and opf q is the order of the isometry group Opf q. The Minkowski-Siegel formula says that rpn, genpfis the product of local densities (for details, see [12] ). Let us consider the following two quadratic forms f px, y, zq " 3x 2`2 5y 2`2 5z 2´1 0xy´10xz, gpx, y, zq " 2x 2`2 5y 2`2 5z 2´1 0xy.
The genus of f consists of two isometry classes, and in fact, genpf q{"" trf s, rgsu.
Lemma 3.1. For any positive integer n, we have the following:
(i) if n is square-free, then n P Qpgenpfif and only if n ı 7 pmod 8q and n " 2 or 3 pmod 5q; (ii) if n " 2 pmod 5q and n P Qpf q, then n P S 1 3 ; (iii) if n " 3 pmod 5q and n P Qpgq, then n P S Proof. The first assertion can be deduced by a direct computation (see [15] ). For the second assertion, suppose that there are integers a, b, and c such that n " f pa, b, cq.
Then we have 3a
2 " 2 pmod 5q, that is, a "˘2 pmod 5q. Since
we have n P S (ii) The quadratic form g represents all positive integers n with n " 3 pmod 5q that are represented by the genus of g, except for the integers of the form 16 t n 0 , where t is a nonnegative integer and n 0 is an integer in the set t3, 133, 163, 478, 883u.
Before proving the theorem, we introduce two interesting corollaries:
Under the GRH, any integer n P S 3 with n "˘2 pmod 5q is a sum of three nonunit squares, except for n " 2, 3, 37, 42, and 163.
Proof. We may assume that n is a square-free. Then the corollary follows directly from Lemma 3.1 and Theorem 3.2.
The following corollary was conjectured by Sun (see Remark 5.2 of [19] ).
Corollary 3.4. Under the GRH, any positive integer n is a sum of three generalized heptagonal(7-gonal) numbers
, except for n " 10, 16, 76, and 307.
Proof. Note that n is a sum of three generalized heptagonal numbers if and only if the diophantine equation
has an integer solution, which could be written as 40n`27 " p10x´3q
Note that it has an integer solution if and only if f px, y, zq " 40n`27 has an integer solution. Therefore, the corollary follows directly from Theorem 3.2.
In order to prove Theorem 3.2, we use the similar argument which was used in [13] to prove the regularities of several ternary quadratic forms under the GRH. Let θ f pzq be the theta series associated to f which defined by
Also, let θ g pzq be the theta series associated to g. It is well known that they are weight 3{2 modular forms of level 100 and character χ 100 , where χ d p¨q "`d˘for any nonzero integer d. We put
It is well known that Epzq is an Eisenstein series of weight 3{2 (for this, see [18] ) and the differences (3.1) θ f pzq´Epzq "´6 5 φpzq and θ g pzq´Epzq " 4 5 φpzq are cusp forms, where
Moreover, since both f and g are in the same spinor genus, φpzq is orthogonal to the space generated by unary theta functions by Satz 4 of [18] . Thus, the following Shimura lift Φpzq of φpzq
s a weight 2 cusp form of level 50. Note that Φpzq is the newform associated to the rational elliptic curve E with Cremona label 50b1, which is given by the Weierstrass equation
Lemma 3.5. Let n be a positive integer in Qpgenpfsuch that pn, 5q " 1 and ord 2 pnq ď 1. If n is not square-free, then n is represented by both f and g.
Proof.
Since both f and g are in the same spinor genus and the class number of f is two, there is a quadratic form f 1 P rf s adjacent to g in the graph Zpf, pq defined in [17] for any prime p not dividing 10 (see also [2] ). The lemma follows directly from this. Corollary 3.6. Let S f " tn P Qpgenpf qq´Qpf q : n " 2 pmod 5q, n is square-freeu and S g " tn P Qpgenpgqq´Qpgq : n " 3 pmod 5q, n is square-freeu. We have pQpgenpf qq´QpfX tn : n " 2 pmod 5qu " t16 t n 0 : n 0 P S f u and pQpgenpgqq´Qpgqq X tn : n " 3 pmod 5qu " t16 t n 0 : n 0 P S g u.
Proof. One may easily show that n P Qpf q or Qpgq if and only if 16n P Qpf q or Qpgq, respectively. The corollary follows from this and Lemma 3.5.
Thus, in order to prove Theorem 3.2, it is enough to determine S f and S g in Corollary 3.6. Hence from now on, we only consider square-free integers in the genus of f . Proof. By the Minkowski-Siegel formula, we have
where α p is the local density over Z p . By using [21] , one may easily check that 
This completes the proof.
For a positive integer N and a positive rational number k such that 2k P Z, let S k pN, χq be the space of cusp forms of weight k with character χ for the congruence group Γ 0 pN q. To compute the growth of the Fourier coefficients apnq of φpzq, we introduce the following theorem which is a special case of the theorem of Waldspurger [22] . Theorem 3.8 (Waldspurger [22] ). Let φpzq P S 3{2 pN, χ t q be an eigenform of each of the Hecke operators T pp 2 q for any p ∤ N such that its Shimura lift is the newform associate to a rational elliptic curve E. If n and m are two positive square-free integers such that n{m P pQp q 2 for each p dividing N , and φpzq "
where Lps, EpDqq is the Hasse-Weil L-function of the D-quadratic twist of E.
Proof of Theorem 3.2.
Recall that φpzq " 1 2 pθ g pzq´θ f pzqq. As mentioned above, we have φpzq P S 3{2 p100, χ 100 q and its Shimura lift is Φpzq P S 2 p50, χ 2 100 q, which is the newform associate to E satisfying the hypotheses of Waldspurger's Theorem. Let n P Qpgenpfbe a square-free positive integer. Then there is a unique positive integer m P t2, 3, 13, 17, 22, 42, 62u such that n{m P pQp q 2 . By applying Theorem 3.8, we have
Hence if n " 2 pmod 5q is not represented by f , then by combining (3.1)"(3.2), Lemma 3.7, and by bounding the values Lp1, Ep´100mqq for any integer m given above, we have Lp1, Ep´100nqq Lp1, χ´1 00n q 2 ě c n,f¨n 1{2 , where c n,f " 0.223422 if n " 3 pmod 8q, and c n,f " 0.502705 otherwise. On the other hand, assuming the GRH, we may use Chandee's theorems in [3] to compute that Lp1, Ep´100nqq Lp1, χ´1 00n q 2 ď 51.697¨n 0.18799 , which implies that
Similarly, if an integer n " 3 pmod 5q is not represented by g, then one may prove that n ď 2.813ˆ10 6 if n " 3 pmod 8q, and n ď 2.1ˆ10 5 otherwise. From these, one may determine, under the GRH, the sets S f and S g in Corollary 3.6 by direct computations. This completes the proof. Proof. The theorem follows directly from Theorems 2.4, 2.6, 2.9, and 3.3.
Remark 3.10. In fact, it is relatively easy to find all positive integers which are sums of k nonzero and nonunit squares for any k ě 4. For the proofs and the lists of such integers, see [9] . (See also [10] .) Corollary 3.11. Under the GRH, any positive integer n is a sum of three nonzero triangular numbers, except for n " 1, 2, 4, 6, 11, 20, and 29.
Proof. Note that n is a sum of three nonzero triangular numbers if and only if 8n`3 P S 1 3 . Hence the corollary follows directly from Theorem 3.9. Theorem 3.12. For any integer k ě 4, any positive integer n is a sum of k nonzero triangular numbers, except for n " 1, 2, . . . , k´1, k`1, and k`3.
Proof. First, we prove that any positive integer except for 1, 2, 3, 5, and 7 is a sum of four nonzero triangular numbers. Let n be an integer greater than or equal to 37. Since every positive integer is a sum of three triangular numbers, n´36 can be written as a sum of i nonzero triangular numbers for some i with 1 ď i ď 3. Note that 36 " P 3 p8q " P 3 p6q`P 3 p5q " P 3 p5q`P 3 p5q`P 3 p3q, that is, 36 can be written as a sum of 4´i nonzero triangular numbers. Hence n is a sum of four nonzero triangular numbers. For a positive integer n with n ď 36, one may easily check that n is a sum of four nonzero triangular numbers, except for n " 1, 2, 3, 5, and 7. Now, suppose that the statement of the theorem holds for a given integer k ě 4. Note that if n´1 is a sum of k nonzero triangular numbers, then n is a sum of k`1 nonzero triangular numbers. Also, it is obvious that if n " 1, 2, . . . , k, k`2, or k`4, then n cannot be written as a sum of k`1 nonzero triangular numbers. This completes the proof.
A sum of three nonzero pentagonal(or octagonal) numbers
In this section, we find all integers that are sums of three nonzero generalized pentagonal(or octagonal) numbers. Then there are integers A, B, C such that
Proof. We may assume that a " b " c " 1 pmod 3q, if necessary, by changing the signs of a, b, and c. Note that 9m " pa`2b`2cq 2`p´b`2 c´2aq 2`p´c´2 a`2bq
" p´a`2b´2cq 2`p´b´2 c`2aq
Furthermore, note that all of the nine terms from pa`2b`2cq to pc`2a`2bq in (4.1)"(4.3) are congruent to 2 modulo 3. Therefore, it suffices to show that all of the three terms in at least one of (4.1), (4.2), and (4.3) are not´1. Suppose, on the contrary, that at least one term in all of (4.1), (4.2), and (4.3) is´1. Then by considering all of the possible 27 cases, one may easily show that it happens only when a " b " c " 1, which is a contradiction to the assumption. Theorem 4.2. Let m be an integer such that m " a 2`b2`c2 for some integers a, b, and c. If m R t1, 2, 3, 14u, then there are integers x, y, z such that x 2`y2`z2 " 9m, xyz ı 0 pmod 3q, and px 2´1 qpy 2´1 qpz 2´1 q ‰ 0.
Proof. First, assume that m " 2 pmod 3q. Without loss of generality, we may assume that, if necessary, by interchanging the role of a, b, and c, and by changing the signs of b and c, a " 0 pmod 3q and b " c " 1 pmod 3q.
Note that 9m " p´a`2b`2cq 2`p´b`2 c`2aq
Furthermore, note that all of the six terms from p´a`2b`2cq to p´c´2a`2bq in (4.4)" (4.5) are congruent to 1 modulo 3. If all of the three terms in (4.4) or (4.5) are not one, then we are done. Hence we may assume that at least one of the three terms in (4.4) and in (4.5) are one. For example, if a`2b`2c " 1 and´b`2c´2a " 1, then there is an integer t such that a "´6t´3, b " 2t`1, and c "´5t´2.
Similarly, by considering all of the possible 9 cases, we may assume that there is an integer t such that pa, b, cq " p´6t´3, 2t`1,´5t´2q, p0, 2t´1, tq, or p3t, 2t`1,´2t`1q.
In the first case, t is divisible by 3, for we are assuming that both b and c are congruent to 1 modulo 3. By letting t " 3u, we have 9m " 9¨"p´18u´3q
If u ı 1 pmod 3q, then we are done by (4.7), except for the cases when u "´1, 0. If u " 0, then m " 14. One may easily check by a direct computation that 9¨14 does not have an integer solution x, y, and z satisfying the conditions given above. If u "´1, then we have
If u " 1 pmod 3q, then we are done by (4.8).
If pa, b, cq " p0, 2t´1, tq, then we have t " 1 pmod 3q. By letting t " 3u`1 for some integer u, we have 9m " 9¨"p6u`1q
If u ı 1 pmod 3q, then all of the three terms in (4.10) are not divisible by 3. Hence we are done if u ‰´1, 0, 2. If u " 0, then m " 2, and
Note that 9¨2 does not have an integer solution x, y, and z satisfying the conditions given above. If u " 1 pmod 3q, then we are done by (4.11).
If pa, b, cq " p3t, 2t`1,´2t`1q, then we have t " 0 pmod 3q. By letting t " 3u for some integer u, we have 9m " 9¨"p9uq
If u ı 0 pmod 3q, then we are done by (4.13), except for the cases when u "˘1,˘2. In the exceptional cases, we have
If u is divisible by 3, then we are done by (4.14), except for the case when u " 0, that is, m " 2. Now, assume that m " 1 pmod 3q. In this case, without loss of generality, we may assume that a " b " 0 pmod 3q and c " 1 pmod 3q.
Furthermore, note that all of the nine terms from p´a`2b`2cq to p´c`2a´2bq in (4.15)"(4.17) are congruent 2 modulo 3. Hence all of the three terms in (4.15), (4.16), or (4.17) are not´1, then we are done. Suppose, on the contrary, that at least one of the three terms in each (4.15), (4.16), and (4.17) is´1. Then, by direct computations for all of the possible 27 cases, we have pa, b, cq " p0, 0, 1q, p´3,´3, 1q. In the former case, we have m " 1, and in the latter case, we have m " 19. Note that 9¨19 " 5 2`52`1 1 2 .
The case when m " 0 pmod 3q can directly be proved by using Lemma 4.1 repeatedly, if necessary, and the fact that
that is, all of these integers satisfy the condition given in Lemma 4.1. This completes the proof. 
it suffices to show that Equation (4.19) has a nonzero integer solution x, y, z. We know that by Theorem 3.9, the diophantine equation x 2`y2`z2 " 24n`3 always has an integer solution x, y, z all of whose values are not˘1. Hence, if 24n`3 is not divisible by 9, then, by changing the signs of x, y, and z, if necessary, we can take an integer solution x, y, z p‰´1q all of whose values are congruent to´1 modulo 6. This implies that Equation (4.19) has a nonzero integer solution. If 24n`3 is divisible by 9, then Equation (4.19) also has a nonzero integer solution by Theorem 4.2. This completes the proof. Proof. Note that 7 " P 5 p´2q " P 5 p2q`P 5 p´1q " P 5 p2q`P 5 p1q`P 5 p1q.
The remaining of the proof is quite similar to that of Theorem 3.12. Now, we consider the octagonal case. Proof. The theorem follows directly from Theorem 3.9 and Lemma 4.5.
Theorem 4.7. For any integer k ě 4, any positive integer n is a sum of k nonzero generalized octagonal numbers, except for n " 1, 2, . . . , k´1, and k`b, where b P B " t1, 2, 3, 5, 6, 9, 10, 13, 17u.
Proof. First, consider the case when k " 4. Note that p3x 2´2 xq`p3y 2´2 yq`p3z 2´2 zq`p3w 2´2 wq " n, xyzw ‰ 0 has an integer solution if and only if X 2`Y 2`Z 2`W 2 " 3n`4 has an integer solution such that (4.20) XY ZW ı 0 pmod 3q and pX 2´1 qpY 2´1 qpZ 2´1 qpW 2´1 q ‰ 0.
Assume that N " 3n`4 ą 226 and N is not divisible by 4. Then there is an integer ω P t2, 4, 5, 7, 8, 10u such that N´ω 2 ı 0, 4, 7 pmod 8q and N´ω 2 " 0 pmod 9q.
Let m be an integer such that N´w 2 " 9m. Then m is also a sum of three squares.
Furthermore, since m " In order to consider the case when N is divisible by 4, we note that if the diophantine equation x 2`y2`z2`w2 " M has an integer solution satisfying (4.20) , then so does the diophantine equation x 2`y2`z2`w2 " 4M . Furthermore, for each integer N 0 P E, one may easily check that the diophantine equation x 2`y2`z2ẁ 2 " 4N 0 has an integer solution satisfying (4.20) . Therefore, any positive integer n is a sum of four nonzero generalized octagonal numbers, except for n " 1, 2, 3, and 4`b, where b P B. Now, suppose that the statement of the theorem holds for a given integer k ě 4. Note that if n´1 is a sum of k nonzero generalized octagonal numbers, then n is a sum of k`1 nonzero generalized octagonal numbers. Conversely, let n " k`b`1 be an integer for some b P B which is a sum of k`1 nonzero generalized octagonal numbers. Then there is an integer x i P Z´t0u such that n " ř k`1 i"1 P 8 px i q. Since n " k`b`1 ď k`17`1 ă 5pk`1q, at least one of x 1 , . . . , x k , or x k`1 is one. Therefore, n´1 " k`b should be a sum of k nonzero generalized octagonal numbers. This completes the theorem.
